Appendices

A Simulated Tempering Metropolis—Hastings algorithm

Algorithm 1 Simulated Tempering Metropolis—Hastings Algorithm

1: Input: function f, inverse temperatures /31, ..., 3¢, partition function estimates 71, ..., Zy,
number of steps IV, step size 7, rate )\, initial covariance matrix .

2: Sample zg ~ N(0, )

i+ 1,z 29,n+0

4: whilen < N do

5: Sample u ~ Bernoulli(A).

6: if u = 0 then

7: Propose ' ~ N (z,nI)

8: Sample v ~ Uniform(0, 1)

9: if v<min{l,%} then
10: x <+
11: end if

12: else

13: Propose i’ = ¢ £ 1, each with probability 1/2
14: if 1 < ¢’ </ then

15: Sample v ~ Uniform(0, 1)

‘ ) . B I 7,
16: if v < mln{l,m}then
17: i1
18: end if
19: end if
20: end if
21: n<n+1

22: end while
23: Output: Sample (x, ) collected at the N step.

Algorithm 2 Partition Function Estimation

Input: function f, inverse temperature sequence 5, < --- < 3, and number of samples s.
,Z\1 +—1
for / =1to L do
Repeat Algorithmuntil s samples (z;)5_, are obtained at temperature level /.
Zom < (Z4)s) Sy el et S ()
end for

Remark 7. Algorithm [I|is always run for a fixed number of steps /V and returns the sample obtained
at the final step. In Algorithm 2] if this sample is not from the desired temperature level, Algorithm|[I]
is simply re-run for another NV steps.
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B Proofs for Section

B.1 Proof of Lemmalll

Proof. Clearly, ZZ j P(i,j) = 1. Hence, it only remains to check the detailed balance condition
P((i,3)) M((,4), (', 5) = P((i', 5) M((i", "), (i, 5))
for two types of moves. First, let ¢ be fixed and consider j # j'. Then,

e Wi PG ()
raw(s) Plaop (XOVM((G, ), (0, ) = a1 = ) /X | WPl () =

which is clearly symmetric with respect to 7 and ;7’. Similarly, if j is fixed and ¢/ = 7 4 1 (assuming
both i,i’ € [L]), we have

riwe ) Py (X0)M((i, ), (7, 7)) = 5/){(} riw( )P (2)al(i, 3, x), (@', 4, x))da

AN
= 5/ min {riwe )P (2), rewi e ) (@) de,
X0

dx

3

which is symmetric with respect to ¢ and ’. O

B.2 Proof of Theorem/[]

We first prove an auxiliary lemma on the Dirichlet form of the simulated tempering Markov chain.

Lemma 3. The [L] x XC-restricted Dirichlet form E(r)x xo of the simulated tempering Markov chain
M, defined in Definition[2] can be expressed by

Enyxxo(g,9) = (1= N) Zm Eix0(gi» 9i) + A Ex0(9, 9);

i=1

where E; yo is the X°-restricted Dirichlet form of the Markov chain M, g € L*([L] x X, P) with
gi(x) = g(i,z) for each i € [L] and

o= X[ (o) —gla) rinle) el () do.

i, €[L]: i'=i+1

Proof. Since the stationary density of M is p(i,x) = r;p;(x) and either x or i is fixed in each
simulated tempering iteration, the restricted Dirichlet form &z x0 (g, g) can be expressed by

Elnxx0(9,9) Z/XO/XO i,x) —g(i y))zripi(x)M((i,x),(i,dy)) dx
1 (10)

* 2 /xo i,x) — g(if x))Q ripi(z) M ((i,2), (i, z)) da.

0 G[L] i/=i£l

Since M ((i, ), (i,dy)) = (1 — X)M;(z, dy) and M; has stationary density p;,

L
% ; /XU/XO (9i, ) — gi,9)) " ripi(x) M ((i, ), (i, dy)) do
_)\ L 2
1-As, g:®))” pi(@) M; (,dy)da = (1 = NS 7 &.xv0 (g1, g
; // )?p (z,dy Z x0(9i: )

For the second term on the right-hand side of (T0)), note that

M((50), (7)) = Ga((i2), (7 2),

where the acceptance probability function a is given by (I). A straightforward calculation then
concludes the proof of the lemma. O
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Next, we prove two key lemmas about the Dirichlet form £ of the Markov chain M constructed in
Definition 3 l Let = P([L] x X°). Recall that under Assumption|l] ' we can augment the stationary
density to

p(i, J, ) = riwi 5P ().
We still denote the corresponding probability measure by P. Let Py denote the conditional probability
measure given X € X, whose density is given by

. W )P ) (L)
po(i,j,x) = %-

The Dirichlet form £ can be expressed by

0.9 = 552 O @03) ~ 90 rewes Py (X M((.9), (6.5,

=1

E@@):%Z ST (@ig) — 56 9) rawg ) Py (X°) ML((G, 4), (3, 5))-

Jj=1li4'€[L]: i'=ixl

N
Il
—_

<.

&

Lemma 4. Suppose Assumptionholds. For any g € L%([L] x X, P), define g;: X — R by
gi(x) = g(i, ), and define G: [L] x [n] — R by

. . p(v,])( )
g(i, g :/ g(i, x) =—=——dx.
( ) 20 ( )P(ZJ)(X )
Then,

2T 21— Q) s TiWGL)
5 0 Z W Varp(i,jw?(" (9:)-

—
~—
INA
>

i=1 j=1

Proof. Forevery xz € X, i € [L] and every pair j, j’ € [n], the following inequality holds
N N2 .2
(9(i.) — 90, )" < 2[(300.5) — 9,2))" + (500, ) — 90, 2)°]

Hence, using the expression for M ((i, 7), (4, 5)), we get

&' Z Z 9(i,5))*riw. ) /X OP(@;‘)(I)pi(j’I:c) dz

i=1 ],j’ 1
Z Z W ) (ﬁ(i,j) - g(i,x))Z + (?(i,j’) - g(i,x))2 Mpz(]/\x) dx
0
=1 7,57'=1
= (1= NEp [(9(1.7) - 91, X)) + (5(1,J") — 9(1, X))’ an

where P denotes the joint probability measure of (I,.J,.J’, X ) with density

o MW HPEH () TG ) W, P (2)Pa,g (7)
p(lmja.] ,{E) - 9 pl(.] |I) - 9;01(:10) 9

fori € [L],j,5" € [n],x € XY. Hence, under P, the joint distribution of (I, J, X) and that of
(I,J',X) are both given by Py, and thus

Ep (a1, ) = 91, X))" + (3(1.7") = 9(1.X))*| = 2Ep, |(@(1,)) —9(1.X))*]. (1)
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Since §(¢,5) = Ep,[g(L, X) | I =%, J = j], we find that
Er, [(3(1.7) — 9(1,X))"] = Er, [Varr, (9(1, X) | 1, )]

L n 0
Wi, ) Pa,j) (X
:erw( ) 0(4)( ) Varp, (g(I, X) | I =i, J = j)

i=1 j=1

TiW(i,j5)
Varp,, . x0(gi), (13)
St v
where in the last step we have used

1 / ) e DAy (@) P ()
Py [Q(Z,J?) _g(zvy)] : - dl‘dy

2 Jxoxxo Pl g (X°) P jy (X°)

The claim then follows from (TT)), (12) and (T3). O

Varp, (¢(I, X)| I =1i,J =j) =

Lemma 5. Consider the setting of Lemmad} We also have

g mw(”) 3N g
99 Z Z P(l Varp“ J),XO (9@) + ?(S’Xo(g’g)

=1 j=1

Proof. Forevery x € X, every pair i,i’ € [L], and each j € [n],
N i NS . . 2 . 2
(9(i.) ~ 9,3))" < 3[(50.5) — 9,2))" + (90,2) = 9", 2)" + (9(7,5) — 9(,0))"].
Then, using the definition ofﬁ((i 7),(#,7)) fori’ =i+ 1, we get

71 a.o A . . . .
£@9) =1y Z Z (i,5) =g, 3))*r (zj)/ pei) (@)al(i, j, x), (@', j, x))dx
10 o
4,4/ €[L]: i/ =i+1 j=1
3\ _ 9 , s ) )
where P is the probability measure of (I, I’,.J, X ) with density
1w, ) PG (@) a((i g, 2), (7', j,x))

>0 ,ifi =iE1,
g N
p(z,z,],x)— 1— (’L Z+1 J’ ) ( 1]7 )7 le/:Z,
0, otherwise.

That is, we first draw I, J, X ~ P, and then update I’ by proposing I’ = I & 1 with equal probability
and accept it with probability a((, j, z), (¢, j, x)). Since the update for I’ given I, J, X is reversible
with respect to Py, we also have (I’, J, X) ~ P,. Hence,

Ep|@(1.7) ~ 91, X))’ = Ep| (@1, ) — 9, X))’| = Er, | @1, 7) ~ 9(1.X))"]
which has been characterized in (IEI) Finally,

[( g(I’,X))Z}
1 2 .. g
D VDS | (9ti.2) = ol ) Praw s (@al(iodia), (7)) da

4,0’ €[L]: /=11 j=1

1 .

% Z / (i, 2) = g(i', @))* min {riw(, j)pe ) (2), rowe P ) (@)} de
i,t’€[L]: /=31 j=1

1

< 20 Z / (i,2) — g(i', 2))* min {rip;(z), ropy (x)} do

i,i'€[L]: t'/=i%1

2
= ag;IVU(g7g)7
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where £ )1(0 (g,9) is defined in Lemma Note that in the inequality above, we have used that
>_;min{a;, b;} <min{}; a;, >, b;} for two non-negative sequences a;, b;. O

Proof of Theorem[l} Fix an arbitrary g € L2([L] x X, P). Define, for each i, g;: X — R by
gi(x) = g(i,z),and g: [L] x [n] = R by

—fe . PG (@)
7i.9) = [ o) p0 ",
X0 (4,5)(X°)

Note that g(i, j) is the conditional expectation of g(/, X) given I = i and J = j under the joint
probability measure Py, and P(i, j) is the marginal probability of I = ¢, J = j under Py. Hence, by
the law of total variance, Assumption [3|and Equation [I3] we find that

~
3

Varp, (g) = Varp(g ZZ (i,7) Varp, (9(I, X) | I =i, J = j§)

i=1j=1
L n
Tiw(;
< Cs€( ZZ p(ui ;30 Varp, ,,x0(9)-

Using P(; ) (X°) > ¢ and Assumption|2}

L
’I”,’LU(z C
ZZ HP(z )XO VaI‘P(z‘,j)yAfO(gz < ?; ; (13)5(17]) 20 91,97 <
B

T’L i,X0 g?agv
=1 j=1

Recall that £(7,7) = g’ (9,9)+ € (9,9).

—J 2(1 =X L e 2(1 = \)C;C
&9 < Y s Varr (o) < %Z &, 20 (9, 0)
=1

L n
=, .3\ TiW(5 ) R)
g (gvg)g FZZW VaI'P@ J),Xﬂ(gz) ?gxo(gag)

3)\0 C. 3
< 12 Zrz i,X0 gzagz ?E;Iyo(g,g)

Hence,

1 3NCs

C1Co [(24+ N)C5 + 1]
75 Varpp)x (9) = Vare, (9) < =57 Exo(9.9) + — 2[(2+ N)Cs Zn 120 (9. 9i)-

ed) i=1
Comparing with Lemma|[3] we obtain the Poincaré inequality for M/

0C, Co
¢(1=A)

which concludes the proof of the theorem. O

Varp,[1)xx0(g)< max {3903, (2+N)Cs + 1)} Erxx0(9,9)

B.3 Proof for the Mixing Times

We first recall the mixing time bound given in|Atchadé et al.| [2011]] using restricted spectral gaps.

Lemma 6 (Atchadé et al.|[2011]])). Let K be a lazy, reversible Markov transition kernel on a state
space ), with stationary distribution I1. Suppose the initial distribution 11 is absolutely continuous
with respect to 11, and define

Jo(w)I(dw) = TIp(dw).

25



Assume there exist constants B > 1 and q > 2 such that || fo| za(rry < B, where || - || za(m) denotes

the L%-norm with respect to 11. Let € € (0,1). Further, suppose there exists a measurable subset
Q° C Q such that
€ )q/ (a—2)

m@?) > 1- (2032

Then, for

1 2B?
N> ——F—log | —
~ SpecGapgo (K) & ( g2 ) ’
the total variation distance between the distribution of the Markov chain K after N steps and its
stationary distribution 11 is at most €.

Proof of Lemma[2] The first part of Equation (6) follows directly from Lemma[6] To prove the second
part of (6)), we first note that the TV distance between PV and P admits the following lower bound

L
| PN = Py = Z/|PN(i,dz) — P(i,dz)| > /|pN(i,:c) — ripi(z)|dz, foralli€ [L].
i=1

For each i € [L], letr; y = P (i, X). The TV distance between P and P; is bounded by

]

r;,]{,pN(i,m) — r;le(i,m))dat—&-/‘r[le(Lx) — pi(m)|dx

1PN = Pill = |rinPY (i) — P

g
y

where the first inequality follows from the triangle inequality. For the first term in the last expression,

using r; v = PN (i, X') we get
1, N 1 N

/ p (i,x)‘dx:r; |ri—n,N\§ZTHP — Pllw,

where in the last step we use 7; = P(A) and r; y = PV (A) with A = {i} x X.

Combining the above two displayed inequalities and using the first part of Equation (6), we get

3 3

PN _p < —e< —— &,
17 ill < 2r; T 2minger) Tk

AP (i) — pile)|de

oA @) — v (o) do oI PY - P,

r;]{,pN(i,:E) - r;

This completes the proof. O
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C Appendix for Section [3]

C.1 Comparison of STMH chain with approximate STMH chain

To compare the STMH chain defined in Definition[d] with the approximate STMH chain in Definition|[5]

it suffices to compare the stationary density p; with p; and transition kernel M with ]\Ajz For the
former, we use Lemma 7.3 of (Ge et al.|[2018]], which shows that varying the temperature is roughly
the same as changing the variance of a Gaussian distribution. For the latter, we derive a bound in
Lemmal[g]

Lemma 7 (Lemma 7.3 of |Ge et al.|[2018]]). Let 0 < 8 < 1, and suppose w1, . .., wy, > 0 are weights
such that Z:’L:I w; = 1. Define the density functions

n ’8 n
m(x) o (Z wmi(x)> and T(x) x Zwmf(x),

where 11, ..., T, are component densities. Then,
1

Wpin * T(z) < 7(x) < -7 (x),

Wmin
where Wiy 1= mMing<;<y, w;.
Lemma 8. For each i € [L], let M be the transition kernel defined in Definition H| with transition
density m;. Also, let J,\z be the transition kernel defined in Definition|5| with transition density m,.
Assume that Wiy 1= Minj<j<m w; > 0. Then, forall x # y € R?, the following inequality holds

_ 1
mi(z,y) < —5—mj(z,y).

min

Proof. Let q denote the symmetric Gaussian proposal density used in the Metropolis—Hastings
algorithms M and M;. Then, for  # y, the transition densities are given by

m:(xay) = q(x,y) Oéf(iﬂ,y), ﬁll(ﬂf,y) = Q(xay) &i(fﬂ,y)7

where ) 5()
. : piy - . pi(y
o (z,y) = minq 1, *}7 a;(x,y :mln{l, = }
o =mind1, 2B, e (@)
Using Lemma([7] we have
pily) < ——pi(y) and p;i(z) 2 Winin P; (2),

which gives
pily) - 1 pily)
ﬁl(x) o w12nin p:(ﬂ?)

Hence,

~ 1 * 1 *
ml(mvy) < Tq(xay) Q; (x,y) =5 my ($,y),

min min

which completes the proof. O

From now on, we assume that X C R¢ is a measurable subset. Our next result, Lemma@ shows
that it suffices to obtain a lower bound on the [L] x X°-restricted spectral gap of the approximate
STMH chain in order to derive a corresponding bound for the STMH chain.

Lemma9. Let M* be the STMH chain defined in Deﬁnition and let M be the approximate STMH
chain defined in Definition |5| Assume that the mixture weights satisfy Wi 1= minj<;<p w; > 0.
Then, the [L] x X°-restricted spectral gaps of M* and M satisfy the inequality

— 1 *
SpecGap[L]XXo(M) < — SpeCGap[L]xXO(M ).

min
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Proof. Let p* and p denote the stationary densities of the Markov chains M* and M, respectively.
Then, for all i € [L] and = € R%, we have
p*(i,x) =rpi(x) and p(i,x) = ripi(z).
By Lemmal[7] we have
Wmin ﬁz(x) S p;k( ) < wmm pl( ) (14)
for every (i, x), and the same inequality holds for p* (i, z) and p(i, =) since the weights (r;)%_; are the
same for P* and P. Let SF‘L] wx00> [ x w0 denote the [L] x X U_restricted Dirichlet forms associated

with M* and M respectively. Fix a function g € L2([L] x X, p) and define g;(z) := g(i, x) for each
(i, ). By Definition[l] it suffices to show that

1 . 1 =
VarP*,[L]xXO(g) < ) ——Varp [L]xxo( g), and S[L]XXO(Q,Q) < ng[L]xXO(%Q)-

min min

For the first inequality, it follows from (14) that

ZZ/O/XO (9(i.x) — 9(j,1)” B(i, x) (4, y) dz dy

mlni 1j=1

| /\

Varp- 111xx0(9)

1
= Varﬁmxxo (9)-

By Lemma 3] we have
~ L ~ ~
Erxxo(9,9) = (1 =N D1 & x0(9i,61) + AExo(9,9), (15)

i=1

and 5ka] « o can be decomposed analogously. We will bound the two terms on the right-hand side of
Equation (T3) separately. For the first term, we apply Lemmas|[7]and [§]to get

gi,Xﬂ(giagi) = /XO/XO gi(x) — gi( ))Qﬁi(x)ﬂz(x,dy) dzx

2
/ / 0i(2) — 0:()) pi(a) My, dy) da
mln X0J x0

= ngz Xo(gugz)

min

For the second term, we apply Lemmal[7]to get

Exolg,9) = i > / gi(z) — gir ))2min {rivi(x), ropy ()} do

€[L):i'=it1
1 .
< g (9i(2) — gir(2))” min {ripi(z), ropy(z)} do
Wmin , z’ﬂﬂ X0
1
= &%
Ve X0 (g g)

Combining both bounds, we obtain that £, v (g,9) < m?né’[ £)xx0(9, g), which concludes the
proof. O

C.2 Restricted Spectral Gap of the Approximate STMH Chain

We begin by introducing some notation. For each i € [L] and j € [n], define the j-th component of
the density p; as

DP(ij)(T) o< exp {—%(33 — ) TS @ — Mj)} ; (16)
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so that p; is a weighted mixture of the p; j’s:
X Z wjﬁ(i,j)(x)
Jj=1
Let M, (i,j) denote the Metropolis—Hastings transition kernel targeting p(; j), with a symmetric
Gaussian proposal density q(z,y) = N (y; z,nI), where > 0 is the step size. We set

XY= {a:e]Rd : |zl < R},

where R > 0 is a fixed radius. To obtain a lower bound on the iL] x XV-restricted spectral gap « of the

approximate STMH chain, we invoke Theoreml Assumption [1|holds by our construction of P. The
following lemmas verify the other two assumptions required for this theorem.

C.2.1 Validation of Condition (Z) in Assumption
Lemma 10. For each i € [L), let p; be the density defined in Equation ), and let g; € L*(X, p;).
Then the following inequality holds

ij g(i,j),XO(gi,gi)a < gi,)c‘o(ghgi) Vi e [L],

j=1

where <€~'(,-7j)7xo denotes the X°-restricted Dirichlet form of the kernel ],\\J/(iyj), and gLXO denotes the
XO-restricted Dirichlet form of the kernel M, as defined in Definition

In particular, for the approximate STMH chain M defined in Deﬁnition condition (2) holds with
constant C7 = 1.

Proof. For any nonnegative real sequences {a;} and {b;}, we have the inequality
min{zj aj, > b]} > >, min{a;, b;} . Applying this to p; = 37, w;p(; j), we obtain

min {p;(z),pi(2)} > ij min {5 (), Pi.j)(2) } » 17
j=1

forall 2,z € R? and i € [L]. Let q denote the symmetric Gaussian proposal density associated with
the Metropolis—Hastings algorithms M; and M(; ;). Then, applying Equation (I7), we obtain

gi,)(o(givgi): /X0 /Xo gi(x) — g; )) q(z, z) min {p;(z), pi(2)} dedz
5/;50 /Xo (9i(x) = 6i(2))" a(=, 2) Z“’J min {p(; j)(2), Pi,j)(2) } dwdz

\ \/

= wiEq j).x0(9i i)

=1

This completes the proof of the Lemma. O

C.2.2 Validation of Condition (3) in Assumption 2]

We lower bound the X"°-restricted spectral gap of each Metropolis—Hastings chain ]\Aj(l ;) using the
path method of [Yuen|[[2000] in the following lemma.

Lemma 11. Let 0 < n < R% Foreachi € [L] and j € [n], the Markov chain ]\7(1-7]-) admits the
following lower bound on its X°-restricted spectral gap

N “Yd/2773/2
SpecGapXo(M(i’j)) > 1rgléd+3 .
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In particular, for the approximate STMH chain M defined in Deﬁnition condition (3) holds with
constant

13Rd+3
02 == T/Q

min

Proof. We use the linear path method described in Section 2 of [Yuen| [2000]. This approach also
extends to the restricted spectral gap setting; see, for example, |Atchadé|[2021] and (Chang and Zhou
[2024] where the canonical path method has been adapted to the restricted spectral gap in discrete
spaces. For each pair (z,y) € X% x X°, we construct a linear path connecting z to y, with all
intermediate points lying in X°. Fix a step size § > 0, and define the number of steps along the path

by
[l —yll
by = l2541]
The path is then given by
Yoy = (%%)7 cees g(clg,fy)) )
where

Yoy = , for 0 <i < bgy.

bay
Let T := {74y : (z,y) € X° x X%} denote the collection of all such paths, and let E denote the set
of all edges that appear in at least one path y,, € I'. The capacity of an edge (u, v) € E is given by
P(ig) (V) }

T ) (w,v) = Dy (w) M 4y (u, v) = Py (u)q(u,v)min{L =
(4:3) (6:3) (4.4) (4:3) Pl (w)

where m; ;) denotes the transition density corresponding to the kernel M(i’j), and ¢g(u,v) is the

Gaussian proposal density associated with kernel M, (i,5)- AAs shown in Section 2 of |Yuen| 2000, the
set of paths I satisfies the regularity conditions and, for any (u,v) € 7,,, the associated Jacobian
satisfies J , (u,v) = bgy (see [Yuen, [2000, page 5] for details). Then, by Theorem 2.1 and Corollary

2.4 in|Yuen| [2000]], we have )

SpecGap yo (M(i}j)) 2 2

(18)

where

Z |’ny|§(i,j)(x)5(i,j)(y)bgy )

Yoy D (u,v)

A =esssup{ ———
(u,w)EE T(Zj) (U,, U)

and |,,| denotes the length of the path ~,,. Since ; ;) is log-concave, for any (u,v) € gy, We
have

min {55 (@), Py (v)} < min {Bij) (W), Py (v) }
Hence, T}; ;)(u,v) > q(u,v) min{p(; ;)(z), P@,;)(y)}, and we can upper bound A as

A<bH esssup Q q(u,0) ™t D By (Za) ¢ (19)
(u,v)EE Yooy 3 (u,0)

where b := max(; y)exox x0 bz,y and 2, , is defined as
— if max{p(; ;) (), P (Y)} = P, (@),
Y |y, otherwise.

Note that

By
P(ij) (22,y) < W7

and the proposal density ¢(u, v) is given by

1 lv —u|?
q(u,v) = Wexp )

30



Substituting this into Equation (T9), we obtain
d/2 nd/2pd+3 — ull2
A < @T - ess sup {cxp (vu|> } ,
(u,v)EE 2n

where we have also used that an edge (u,v) belongs to at most b? paths in I'. Choose step size
0 = +/bn, which yields

’Ymm

b<

[ 2RW < R
Vol = ym
Since f3; < 1, we obtain that
d/2
/3 / Rd+3 05 < 13Rd+3

A < e .
= Tape = T4
Foian®? Froian?
From Equation (T8), we get
/2 3/2
T 1 ’yIIlll'l’rI
SpecGapyo (Meij)) > - 2 S35
which concludes the proof. O

C.2.3 Auxiliary Lemmas

To verify Assumption[3]and compute the constant C; in condition (@), we will need several lemmas.
The proof of Lemma% is omitted.
Lemma 12 (Canonical Paths Bound). Let S be a finite state space, and let K be the transition kernel
of a reversible Markov chain on S with stationary distribution 11 and Dirichlet form E. For each pair
of distinct states x,y € S, let v, denote a path from x to y consisting of valid transitions under K,
ie.,

T=x9) > T] 2Ty > " —>Tp_1 >Tpn=21Y.
LetT = {vyy : &,y € S, x # y} be the collection of such paths for all distinct pairs (z,y). The
edge congestion associated with I is deﬁned as

e(I') = H zy |y
pell) = max ) o > Y7yl
K (u,v)>0 (u U)E’me
Yay €T

where |7y, | denotes the length of the path vy,,. Then, for any function g : S — R, the following
Poincaré inequality holds

Varn(g) < pe(T) (9, 9)-

Lemma 13. Ler I1, II be two probability distributions (absolutely continuous with respect to each
other) with density function 7, 7 respectively. Then,

/min{ﬂ(m),ﬁ'(x)}dx _1- %Hn ey 21— %KL(H D).

Lemma 14. Let || denote the determinant of a matrix .. The Kullback-Leiber divergence between
two d-dimensional Gaussian distributions with equal means is given by

by
KL (N 30) | N £2)) = 5 {log 22— a+ (s}
Lemma 15. Let D := max {maxyen] ||tk ||, /Fmin } - For eachi € [L], j € [n], define
pi(j|z) == %
> Wk Pk ()
k=1
where D; ;) (x) denotes the density defined in Equation (16). Then, for all i € [L], j € [n], and
x € RY, the following inequalities hold

forall z € R?,

~ /Bz 4z Bi 2
@) = (52— ) e (~5 2l + D). @0
ilil o) = wyexn (-2 (el + D). @
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Proof. To prove Equation (20), we write

Pij) (@) =2 ( L )M exp (—%(w — ) = (@ - w)) ,

27T’Ymax

where the inequality follows from the bound || < & . Next, we use the inequality

_ 1
Iz = 1) 'S 1(df—uj)llé7 —llz = pll* < —(l=ll + u;1)* < —(ll=]| + D)

min min min

B \? B )
D(i.j > ¢ S D)?).
@ 2 (2= ) e (—52— (Il + D?)
This establishes Equation (20). To prove Equation (1)), we define the function .J : R — [n] by

to obtain

J(z) = Dis .
(7) := arg max Pk ()

It follows that for every k € [n],
Pl (%) < Py, 50y (2,
and therefore,
D 0k Bw (@) < D0k P iy (2) = P iy (@)-
k=1 k=1
Substituting this upper bound into the definition of p;(j | x), we get
~ . w;P(i ) ()
Bi(j|z) > =L (22)
P, 5wy (@)
To simplify the ratio of Gaussian densities on the right-hand side, we expand the expression explicitly
as

Pij) (@) { Ty—1 Bi [ Tw-1 T —1
= =exp{ —Bi(pz, — i) X x——(u»E i — b=, 2 ,u~m> .
P(i,(a)) (&) ) = 1) 2\ A C) J(x)

By definition of D, we have ||u Ty — M || <2D. Using the Cauchy—Schwarz inequality, we obtain

- _ 2D
(g — 1) "2 702 < Mg — w5l 157 el < 5 ]l

min

and similarly,

2D?

1
Ty— T oy
1y BT = g B g || < p— (Huj||2+ ||Hj(x)‘|2> <

Putting these together, we get

min

M > exp < Bi 2D|z|| +D2)) > exp ( Bi (=l +D)2). (23)
P, Jay) ()

min

Equations (22)) and (23) together prove Equation (ZI). This completes the proof. O

C.2.4 Validation of Condition () in Assumption 3]

Let M denote the projected chain associated with the approximate STMH chain M. We next establish
a lower bound on the spectral gap of M using the canonical paths method. Recall that we define
X0 ={zeR?: |z|| < R}.

Lemma 16. Let M denote the approximate STMH chain defined in Deﬁnition Define the following
parameters
minge(r)

D = max {max Il ekl w/'ymin} , =
ke(n]

Suppose the following conditions hold

maX;c [ T

32



(i) Let R > \/dD be such that P )(X%) > 3/A foralli € [L] and j € [n),
(ii) B1 = O (Ymin/D?) and By < 1,
(iii) Bis1/Bs <1+1//d  forallic [L—1].

Let M be the projected chain defined in Deﬁnitionassociated with M. Under these conditions, M
satisfies the spectral gap bound
3min{(1 — \), A} r?

64L2K%2 exp(ed) '

SpecGap(]/W\ ) >

where ¢ > 0 is a fixed constant. In particular, for the approximate STMH chain M , condition (@)
holds with constant
64L%k%? exp(cd)

Cs = 3min{(1 — \), A} 72’

Proof. We construct the canonical paths as follows. Fix two arbitrary states z = (3, 7),y = (¢',j') €
[L] X [n] with4 < 7'

(@) If j = 5/, let vz be (i,5) = (1 +1,5) = ... = (7, )).
(b) If j #j' let vy be (i,5) = (1 —1,5) = ... = (1,5) = (1,7) = (2,5") = ... = (7', j').

Define v, as the reverse of 7,,. Let I" denote the collection of such paths over all distinct pairs
(z,y). Leti € [L],j € [n],and i’ =i+ 1 € [L]. From the definition of M, we have

V(.93 = 5 [ B ). ¢

where the acceptance probability is given by

—r . g . . Ti/ﬁ(i',j)(x)
a (27]71‘)7(1/7]"%) _mln{~7 1} .
( ) Tip(i,j)(m)

Hence, the probability of transitioning from state (¢, j) to (¢ — 1, ) under the projected chain Mis
given by

= . A e o ~
M((z,7), (e — 1,7 :~7/ mln{pi_ (X)), Pg :E}dac7
((2,9), ( ) 2By () Jo . Pa-19)(@), Pay (@)

foralli € {2,...,L} and j € [n]. Since r;_1 /r; > r by definition and ]S(iyj)(XU) < 1, we have
TE N (s ‘ Ar g~ -
M((i,5), (1 —1,75)) > 5 | min {Pli—1.5)(®), Prijy(2)} da. (24)
X

By Lemma([I3]and Lemma 4]

/Rd min {]7(2’71,])( ), p(l’j) } de >1-— \/ KL(P(Z ) |P(1, 1]))

ﬂz
ﬁz 1

For z > 1, we have f(x) < (z — 1)2/2. Hence, if 8;/8;_1 — 1 = 1//d, then

. 1
/ min {pi-1,5) (@), Py (2) } de > 3.
R4

1,7

, where f(z) =2 — 1 —logz.

Condition (i) implies

'JM»—‘

/ min {P(i-1,5(x), B g ()} dz
X0
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Substituting the above bound in Equation (24)), we obtain

FE((is), (= 1,9)) 2 5 -

Similarly, we can derive the bound
— A
M((i,5), (i+1,9)) > 5 foralli€ [L—1], j € [n].
Next, we derive a lower bound on the transition probability from (1, j) to (1,5’) in the projected
chain M, which is given by
= . . paj (@)
(L) = -y [ eI
xo Py (X9)
By applying Lemma|l5|and noting that 13(17 5 (X0) < 1, we obtain

(19,00 2 (1N () [ e (-

27T’)/max
By condition (ii), there exist fixed constants ¢y, ca > 0 such that

(' |z)de, 5,5 € [n].

35} (el + D)?) dz.

min

Ymin Ymin
D2 D2
Let X0 = {z = (21,...,24) € R?: |z;| < Dforalli € [d]} C X°. Then for any z € X", we
have ||z|| + D < 2v/dD, which implies
2 831dD?
exp (—fyél (=] + D)2> > exp (— b ) > exp(—8cad).

Ymin

< B <c

C1

Therefore, we obtain the following lower bound
- _ /2
ML), (1.0) 2 (= Mg e (22 ) expl-sead) - Vol 27),
where Vol(X'?) denotes the volume of the cube X'P. Substituting Vol(X'”) = (2D)?, we get
/2
- . . Ymin
V(190,07 2 (1= Ny e (G220 ) expl—ses) - D)
> (1—Nwy - K2 exp(—cd), (25)
where ¢ > 0 is a fixed constant.

Let 7, be a path between any two vertices x,y € [L] x [n].
upper bound on the edge congestion p.(T") defined in Lemma(12] Let Z,w € [L} [n].

(a) Letz = (4,7) and w = (i — 1, 5). Then the edge (z, w) is used only by paths between vertices
2 and y such that one lies in the set S := {i,..., L} x {j}, and the other in S°. Therefore, its
contribution to the edge congestion is bounded by

2 m)er (i) i-Li)er, N P@ PW) - (2L) P(S) P(S°)
P((i,5)) M((i,7), (i = 1,7)) = P((1,5) M((,4), (i = 1,5))

where

~ P,

B R) = ren DDy ke g

P([L] x X9)

denotes the stationary distribution of the prOJected chain M. We have the following bounds
P(S P({i,...,L ~ — Ar
LB P BV A prgey <1 R - 1.5) 2 L.
P((i,5)) P((l 7)) r

where the first bound follows from condition (i). Combining these, we conclude
2 p)er((i.9),(-13) ey Venl P@) Py) 6412

P((i.4)) M((i.9), (i = 1,)) e
Similarly, we obtain the same bound for z = (7, j) and w = (i + 1, j).

34



(b) Let z = (1, ) and w = (1,5’). Then the edge (z, w) is used only by paths between vertices x
and y such that one of them lies in the set [L] x {j} and the other in [L] x {j’}. Therefore, its
contribution to edge congestion is bounded by

Eemeriananen, ool P@ PW) _ 1) PL] x i) P(L] x {7'})

—~ — —~ — .

P((1,5)) M((1,5), (1,5")) - P((LL5) M((1,5). (1,5))

We now bound each term on the right-hand side. By condition (i), we have

B x () < 52 (L3, PEIx (D) < 7o,

and from Equation (23)), we have
]\7((17])7 (laj,)) > (1 - A)wj' : Iiid/z : exp(—cd).

Combining these, we obtain

Z(z,y):((l,j),(1,j'))e%y eyl P(@) P(y) 3202542 exp(cd)

P((1,4)) M((1,5),(1,5") = 91— Mr

Let A € (0,1) be a fixed constant. Thus, the edge congestion associated with I" is bounded by

(T) < 64L%k2 exp(cd)
Pelt) = S min{(1 — A), A} 2

From Lemma projected chain M satisfies the Poincaré inequality

5 64L% k%% exp(cd) =, . ~
~(3) < : —
Varp(g) < Smin{(1 = \), A} 12 £9,9), Vg:[L]x[n] >R,

where € denotes the Dirichlet form associated with the projected chain M. This completes the proof
of the lemma.

C.2.5 Restricted Spectral Gap Bound

We now invoke Theorem E] to bound the [L] x X°-restricted spectral gap of the approximate STMH
chain M, as formalized in the next lemma.

Lemma 17. Let M denote the approximate STMH chain, as defined in Definition|5| with A being a
fixed constant. Under the same conditions as in Lemma the [L] x X°-restricted spectral gap of
M admits the following lower bound

- d/-2T2773/2
SpeCGap[L] X X0 (M) > Q RA+3[2xd/2 exp(cd) 7

where ¢ > 0 is a fixed constant.

Proof. For the approximate STMH chain M , Assumptionis satisfied with constants C; = 1 and

13R4+3
Ca = /2, 3/2"
Ymin’ /
Additionally, Assumption [3holds with
64L%k%2 exp(cd)

Cs = 3min{(1— ), A} r2’

where ¢ > 0 is a fixed constant. Since A is treated as fixed, combining these with Theorem
completes the proof of the lemma.
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C.3 Restricted Spectral Gap of the STMH chain

We now establish a lower bound on the [L] x X°-restricted spectral gap of the STMH chain M*, as
formalized in next lemma.

Lemma 18. Let M* be the STMH chain, as defined in Definitiond} with X being a fixed constant.
Under the same conditions as in Lemma the [L] x XO-restricted spectral gap of M* admits the
lower bound
dj2 o -
w?ﬂin m/inrznj/2 )

RA+3[2K4/2 exp(ed)

SpecGap()y yo(M*) > Q(

where ¢ > 0 is a fixed constant.
Proof. This follows directly from Lemma[9)and Lemma O

C.4 Estimation of Partition Functions

C.4.1 Assumptions on the Parameters

We now describe how to choose the algorithm parameters—number of temperature levels L, inverse
temperature sequence (f3;)~_,, temperature-swap rate \, proposal step size 7, initial covariance matrix
Y9, number of iterations N—so that the STMH algorithm achieves the asserted time complexity.
Recall that & = Ymax/Ymin-

2
L—@{R{D2+logw;1i1n+d(1+log/<;)}1og(D_ )+1}, (26)
51:@(7“““> R PP I . S O WP Y 27)

D? ’ Bi - \/Cj, D? +2’Ymaxdy ’

2 2
where v = 1 + log k + — log ,
d Wmin

20 6L2 d
R=D +VdxD? + \/QKJDZ log (Z;) (28)
I TARd /2 'd 2
N > ¢ Rdﬁ exp(c’d) log I; , for some fixed constants ¢/, C’ > 0, (29)
Y /42105 . 82 min
Yo = o2l, where 02 = © (ngn> , (30)
1
A is any fixed constant, 3D
n > R2. (32)
C.4.2 Auxiliary Lemmas
Lemma 19. Let L > 0 be an integer. Assume the partition—function estimates 21, ceey Z 1, satisfy
2:)2; - - .
- e[l—i’l,lqtill, foralli € [L). (33)
7/7, (1=7)" 0+7) [L]
Define
Zi| Z; .
ri =, foralli € [L].
> %/%
k=1
Then,
e ? e?
— < r; < foralli € [L]. (34)



Moreover,
ML) T -
i€[L] >e 4.

max;ec (L] T

Proof. Foreach i € [L], define b; := Z;/ z, and denote their sum by S,

, bi e
(L) Y < < a-p) Y, (35)
1
which gives
Lby (1+ 1)~ <5 < Lby(1—L)~E=D, (36)

Combining Equations (33) with (36), we get
bi _ bi(L+ 1)~ 1 (L — 1)L—1

TS T I (L-1)-C D L\L+1
and
. bi(L—1)~=D 1 (L+1)L—1
" T Lb (L+1)-C-D) L \L -1 '
Define RN
L
Cu=(F=7) -

Taking logarithms and using log(1 4+ x) < z for all x > —1, we obtain
logCr = (L -1 log(1+ 425) < (L-1)(42) < 2,

s0 Op, < e?. Likewise O ' > e~2. Therefore

e ? e?
T S T S f, forall i € [L],
establishing (34). This further implies that 7 > e~*, completing the proof of the lemma. O

Lemma 20. Let L > 0 be an integer, and suppose 31 and oq satisfy Equation and Equation (30),
respectively. Then the initial density is given by

p°(1,-) =N (0,031), p(i,-) =0 forallic [L]\ {1},

with the corresponding distribution denoted by P°. The stationary density of the STMH chain M*,
as defined in Definition[) is
pli,) = ripi(x), i€ [L], xR,

where (r;)L_| are defined in Lemma and the component densities (py);c|] are given in Equa-

tion [8). Let P denote the corresponding stationary distribution. Define fo := dP°/dP. Then,

9 c1 exp(cad) L k2
2py < ;
[follz2(py < -
for some fixed constants cy,co > 0.
Proof. The £L?-norm of fj is given by
L
. ‘ L[ e°,e)?
foll? = /pz,x foli,x 2dx:—/ - dx, (37)
follzeie = 3 [ 20 oli o) de = 2 [ 22
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where the second equality follows from the fact that P is supported only on i = 1. By Lemmal 7| for
all z € R%, we have

p»{(x) > wminﬁl(x) = wminzwjﬁ(l,j)(x)- (38)

Jj=1

where p; is defined in Equation (9) and p, ;) is defined in Equation (T6). Substituting (38)) into (37),
we obtain
2
.2)) dx.

I follZ2(py < lemm/zj 1wjp 1.5) (%)

Using the convexity of the x2-divergence, we further bound this as

1 FollZ2(p) < (39)
() = p(1 i@
For each j € [n], the density p(; ;)(z) can be lower bounded as
d/2
. B A 2
Pun@ = (52—) e (~goflo - sl?). )
Since p°(1,-) ~ N(0,021), we have
d
1 1
0 2 _ 2
00,07 = (o) o (~ o lel?).
From Equation @), we have fixed constants 0 < s1, o < 2 such that
“min 2 “min
S <oy <s .
Yp T
This gives
B\ 8
0 2 1 1 2
1 < | — - . 41
W07 < (52 ) e (- L ja?) @
Substituting Equations (@0) and (#T)) into Equation (39), we obtain
1 follZ2(p)
dj2 n d/2 9 _ 12
K s s
< () e (ol few (<G oy 2 g
31 71 Wmin j=1 TYmin (2 )’Ymm 27m1n32 2— S2

d/2 (/2 n

KY? 54 B )
w; e I —rry )

54(2 — 82)42 rywpmin ; 3 exP <(2 — 52)Ymin 251 )

From Equation @]) we have a fixed constant s3 > 0 such that 81 < s3vymin/ D2 Substituting this,

we get
d/2 /2
9 K< s 83
< .
[ follz2(py < 12— 50) 2 P (2 — 32>

By Lemma we have r; > 1/(e%L). Substituting this into the above bound on || fo H%Q( p) proves
the lemma. O

Lemma 21. Let X follow the d-dimensional Gaussian distribution with mean | and covariance
matrix .. Denote the largest eigenvalue of ¥ by ||2||. Then,

P (I1X1| < llall + VATST + V2SI Tog(1/2)) > e
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Proof. Using the standard concentration inequality for Lipschitz functions of Gaussian random
vectors, we get

P(|X — pf > E(|X — p])) +1) < e #7250
Since E([| X — ) < v/d||X]], we get

P (IIX —pll = Vd|Z]] +t) < e t/2=l,

Letting ¢ = \/29max log(1/¢) and applying triangle inequality, we get the asserted bound. O

Lemma 22. Suppose 1 < { < L, and let Algorzthm I | be run with the potential function f(x)
defined in Equation (1), inverse temperatures 31 < --- < [, and using the parameters specified
in Equations @7, @8), @9, (30), BI) and (B2). Assume that the partition function estimates
Z1, .. Zg satisfy Equation (33). Let P denote the distribution obtained after running Algorzthm
for N steps and let P denote its stationary distribution. Then the total variation distance between P
and PV satisfies

1P = PVle < e

Proof. Under the assumptions of the lemma, and by Lemmas |18/ and |19} the [¢] x X-restricted
spectral gap of M* satisfies

wB 2
SpecGapyg xo (M) = Q (Rd Iz :31/]2 zzn);;(cd)> ’

where ¢ > 0 is a fixed constant. Moreover, from Lemma I f0||%2( py is bounded above by B,

where
c1 exp(cad)lkd/?

)

B =

Wmin
and ¢y, co > 0 are fixed constants. Applying Lemmal[6] with the above parameters yields the desired
total variation bound. O

Lemma 23. Assume the same conditions and notations as in Lemma@ Let P} denote the marginal
stationary distribution at temperature level {, with density p}(z) o exp(—B¢f(x)), and let PN
denote the marginal distribution at level { after running Algorithm[I] for N steps, with density
p (x) oc PN (¢, x). Then the total variation distance between P} and P} is bounded by

N 3e2(
1P = PNlev < — €

Proof. By Lemma. we have min, (g 7; > 1/(e?¢). The proof now follows directly from Lem-
mas Pland O

In the following lemma, we analyze how many times Algorithm[I|must be re-run, with a fixed number
of steps IV, in order to obtain a sample from the desired temperature level.

Lemma 24. Suppose the partition function estimates 21, ceey Z satisfy Equation (33). Let Iy € [{]
denote the temperature index of the state returned after running Algorithm[I|for N steps. Suppose
the algorithm is run independently T' times, each for N steps. Then, for any fixed temperature level

e, if
T > e*llog(2), a€(0,1),

the probability that at least one of the T runs returns a sample from level k satisfies

P <3t € [T such that I = k) > 1-aq,

where 1 1(\?) is the temperature level returned in the t-th run.
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Proof. Let k € [¢]. From Lemma[l9] we have
PIy £k) = 1—P(Iy =k) < 1— —.

Hence,
e2/

P (ﬂt € [T] suchthatIJ(\?) :k) <(1- L)T < exp(—L;).

Setting this upper bound no larger than §, and solving for T, completes the proof of the lemma. [

Assuming the partition function estimates satisfy Equation (33)), we have shown that the algorithm
reaches total variation distance at most & within the time complexity specified in Equation (29).
We now show that partition function estimates satisfy Equation (33). By combining these two
components, we establish the overall time complexity for the complete algorithm.

Lemma 25. Let § € (0,1) and 1 < £ < L. Suppose the parameters satisfy Equations 26), 27), 28),

(30D, (B1), and (32), and assume that the partition function estimates Z, . . . , Zy satisfy Equation (33).
Let s = L?log(1/6). Collect s samples from Algorithm denoted by (z;)5_;. Define the next

partition function estimate Zy, 1 as
2”1 = ?247 where T := é i exp(—(ﬁgﬂ — ﬁg)f(acj)).
j=1
Then, with probability at least 1 — ¢, the estimate 2£+1 also satisfies Equation (33). In particular,
et/ Zim | Kl B 1>f | <1 . 1)f
L L

Z1)7
The proof of Lemma 23] requires the following results.

Lemma 26 (Lemma 9.1 of |Ge et al.| [2018]]). Suppose that P, and P> are probability measures on )
with density functions (with respect to a reference measure)

_ qi(2) _ 92(2)
pi(z) = 7 and ps(z) = 7y

Suppose Py is a measure such that | P, — Py ||, < ¢/2C2, and g»(z)/g1(z) € [0, C) for all 2 € Q.
Given n samples x1, . . ., x, from Py, define the random variable

_— %i 92(z:)

im1 g1(z;)

Let
92(z) _ Z»
g(z)  Zv

and suppose r > 1/C. Then with probability at least 1 — e*”C2/(2C4),

L
-

Lemma 27 (Lemma G.16 of |Ge et al.| [2018]]). Suppose that f(x) = —log [Z?zl w; e*fi(“”)] ,
where fi(z) = fo(x — p;), and fo: R? — R is a k-strongly convex and K -smooth function. For
any a > 0, let P, denote the probability measure with density p,(x) e~f @) Let Z, be the
corresponding normalization constant, given by Z = [ga e~ @) dg. Suppose that ||| < D for
alli € [n], and let o, B > 0. Let

A=D+ \/% (x/&+ \/dlog (f) + 2log <win>> .

. PalT
min
zeR? pg(x)

r= EQ[;NP1

<e.

If a < B, then

~

>

N[

VA 1
and Z—z € [ze_é(ﬁ—a)KA27 1} .
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Proof of Lemma[23] By Equation (27) and Lemma[27] we have

exp(—Ber1f(x)) (o B N .
Top(—Bef@) © P (=(Be+1 — Be) f(z)) €[0,1/(2€)]

for all £ € [L — 1]. Moreover, by substituting & = 4/(3¢L) into Lemma[23] we obtain

2¢2

1P; — PNl < T

when

N >
= d/2 2
/ ’LU5 min

C'LA*Rk%? exp(c'd) (L4f£d)
log ,

YminWmin

where C’, ¢/ > 0 are fixed constants. Next, by applying Lemma 26 with constants C' = 1/2e and
¢ = 1/L, we obtain the following bound

Zo11/Zei
Zy/Zy

e |1l L 14 !
L’ L]
The lemma then follows by induction on 4. O

C.4.3 Proof of Theorem 2]

Proof of Theorem[2] Let L denote the number of temperature levels defined in Equation (26). By
applying Lemma [25|inductively with 6 = £/(4L), we obtain that, with probability at least 1 — /4,

the following bound holds
-1 -1 5
1 1 Z
1—— 14+ = C— forall £ € [L].
( L) : ( + L) ] 7 orall £ € [L]

To ensure this guarantee, it suffices to generate s = L?log (4L /) samples from each temperature
level i € [L], resulting in a total of sL = L3log (4L /) samples from Algorithm [1} Applying
Lemma with a = ¢/(4L*log(4L/e)), we obtain that, with probability at least 1 — /4, we obtain
s samples from each temperature level ¢ € [L] by running Algorithmfor N steps (as defined in
Equation (29)) and repeating this process independently 7" times, where

1 4L 414 4L
T = sL-e?Llog () =e?L*log () log ( log ()) .
« € € e

Hence, the total time complexity for getting partition function estimates is

C' L R*k%/? exp(c'd) log® ( Lk ) ’

/2, s
YminWmin

Tpanilion =T-N=

EWmin

where ¢/, C’ > 0 are fixed constants. By applying Lemrna and Lemrna we conclude that, with
probability at least 1 — £/4, Algorithm|l|produces a sample from a distribution that is within total
variation distance /4 of the target distribution P* in time Tampling, Where

4 " AR kd/2 " d L2 x4
Teampiing = €2 L log (E> C"L*R4k%/? exp(c )log< K >

d/2 2,1,2
’ym/inwglin € Winin
C'L5 R4/ exp(c'd) log? Lk
= O —_— N
7(1/_2 5. & EWmin
min min

where ¢/, C’,c”,C"” > 0 are fixed constants. The overall time complexity 7' consists of two
components: the time to get partition function estimates, and the time to generate sample from the
target distribution

T= Tparlition + Tsampling~
This completes the proof of the theorem.
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